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abstraqti 

 

 

winamdebare naSromi Sesrulebulia doqtoranturis savaldebulo komponentis 

doqtorantis koloqviumis Sesabamisad. 

statiaSi ganxilulia holonomuri kvanZebis holonomuri parametrizaciis 

sakiTxebi. Temas safuZvlad udevs kvanZTa maTematikur Teoria, romelic saTaves iRebs 

gausis Sromebidan. SemdgomSi raidemaisterma SemoiRo kvanZebis e. w. AFL aRwera, 

romlic ganaviTara hotcma. 1997 wels vasilievma waradgina kvanZebis holonomuri 

parametrizacia da daamtkica, rom yoveli saxis kvanZs gaaCnia holonomuri 

parametrizacia. 

warmodgenil naSromSi ganxilulia holonomuri parametrizaciis konkretuli 

funqcia, Seswavlilia misi Tvisebebi, damuSavebulia mTliani wiris funqciiT aRweris 

algoriTmi da naCvenebia miRebuli wiris holonomuroba. 

 

gasaRebi sityvebi: kvanZebi, holonomuri parametrizacia, topologiis 

algoriTmebi 

 

Key–Words: Knots, holonomic parametrizations, AFL-representation of knots 
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Sesavali 

kvanZs vuwodebT samganzomilebian sivrceSi mdebare wirs, romlis boloebic 

SeerTebulia. dasaSvebia kvanZis deformacia gawyvetis gareSe (izotopia) _ ar daiSveba 

wiris gaWra da Tavidan Sewebeba arcerT wertilSi. 

kvanZTa maTematikur Teorias safuZveli daudo gausma, romelmac 1833 wels 

gamoTvala e. w. gausis bmis integrali ori kvanZis bmulobis ricxvis dasadgenad. misma 

moswavlem iohan benediqt listingma ganagrZo es Teoria. aseve kvanZebiT iyvnen 

dainteresebuli lordi kelvini, puankare, deni.  

kvanZTa TeoriiT interesdebodnen ara mxolod maTematikosebi, didi wvlili 

miuZRviT fizikosebsac, dawyebuli lord kelvinidan, dasrulebuli edvard viteniT, 

romelmac Semoitana axali cneba – topologiuri kvanturi velis Teoria. 

kvanZTa Teoria ganixileba sxva sabunebismetyvelo mecnierebebSic: genetikaSi 

dnm molekulebis Zafebis CaWidebasTan dakavSirebiT, hidrodinamikaSi, kvanZebis 

warmomqmnel mdgrad qarbuqebTan dakavSirebiT, feromagnetizmSi, magnituri velebis 

gakvanZul nakadebTan dakavSirebiT. 

amrigad, es maTematikuri Teoria xels uwyobs axali mimarTulebebis 

warmoSobas aramaTematikur mecnierebebSic. 

XX saukuneSi oTxi fildsis premia gaica kvanZTa TeoriaSi gakeTebuli 

aRmoCenebisaTvis (viteni, jonsi, drinfeldi, konceviCi). kvanZebis amocnobis problema 

nawilobriv aris amoxsnili – misi algoriTmi arsebobs, magram sakmaod rTulia da 

kompiuterze ararealizebadi (Haken’s  algorithm,  Friedholm  Waldhausen) 

maTematikuri TvalsazrisiT, kvanZi warmoadgens wrewiris uwyvet asaxvas 

evklidur sivrceSi: 

𝑓: 𝑆1 → 𝑅3,      𝑆1 ⊂ 𝑅2           ( 1) 

ismis bunebrivi kiTxva (kvanZTa Teoriis mTavari sakiTxi): rogor gavigoT, ori 

kvanZi izotopuria TuU ara? sxva sityvebiT rom vTqvaT, SeiZleba Tu ara erTi kvanZis 

uwyvetad deformireba sasruli raodenobis moZraobebiT ise, rom miviRoT meore kvanZi. 

am kiTxvis kerZo SemTxvevas warmoadgens kvanZis trivialurobis dadgena, anu mocemuli 

kvanZi aris Tu ara trivialuris izotopuri (SeiZleba Tu ara kvanZis “gaxsna”)? 

sanam vecdebiT kvanZebis gaxsnas, jer warmovadginoT isini TvalsaCino formiT. 

amisaTvis viyenebT brtyel diagramebs _ 𝑅3-Si mocemuli kvanZis iseT gegmils 𝑂𝑋𝑌 

sibrtyeze, sadac Stoebis urTierTkveTisas “zemodan” da “qvemodan” kveTebi 

gaTvaliswinebulia. “zemodan” niSnavs, rom Stos Sesabamisi Z koordinati metia, 

“qvemodan” _ naklebia. 
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gausis mtkicebiT, nebismieri kvanZi SeiZleba davagegmiloT sibrtyeze ise, rom 

igi warmodges ori araTviTgadamkveTi nawilis saxiT. es warmodgena mogvianebiT 

raidemaisterma Secvala e. w. AFL saxiT, anu wiris erTi nawili ganixila rogorc 

swori xazi, xolo meore – masze daxveuli Zafi,  Semdeg es swori xazi aswia 𝑅3-Si ise, 

rom mas Seeqmna TaRebi (ARCADE), rogorc sibrtyis “zeda” da “qveda” zedapirebis 

alternativa, xolo Zafi (FADEN)  datova sibrtyeze, rogorc am TaRebs Soris gamavali. 

am warmodgenas ewodeba ARCADE  FADEN  LAGEN - AFL 

am ideaze dayrdnobiT, hotcma daamtkica, rom yoveli kvanZi warmoqmnis mocemul 

anbanze minimaluri sityvebis unikalur simravles (kvanZis yoveli AFL 

warmodgenisaTvis arsebobs erTaderTi minimaluri sityva). radganac erTi kvanZisTvis 

SeiZleba arsebobdes gansxvavebuli AFL warmodgenebi, yoveli kvanZi warmoqmnis 

minimaluri sityvebis unikalur simravles. Tu ori 𝐾1 da 𝐾2 kvanZi warmoqmnis 

minimaluri sityvebis or 𝑆1 da 𝑆2 simravles, maSin 𝐾1 da 𝐾2 kvanZebi erTmaneTis 

eqvivalenturia maSin da mxolod maSin, Tu 𝑆1 da 𝑆2 simravleebs gaaCniaT saerTo 

minimaluri sityva (saerTo AFL warmodgena). 

mogvianebiT, 1990-ianebSi, vasilievma SemoiRo cneba _ kvanZebis holonomuri 

parametrizacia perioduli 𝑓 funqciis meSveobiT, sadac asaxva  𝑓~ =  (−𝑓(𝑡),  𝑓′(𝑡),  −

𝑓′′(𝑡)) iZleva kvanZis parametrizacias dekartis koordinatebSi. man aCvena, rom yoveli 

𝐾 kvanZisaTvis arsebobs misi eqvivalenturi 𝐾′ kvanZi holonomuri parametrizaciiT. 

ufro zustad, man daamtkica, rom kvanZTa yovel klass (kvanZTa topologiurad 

izotopur klass) gaaCnia holonomuri warmodgena da agreTve arsebobs naturaluri 

izomorfizmi topologiuri kvanZebis sasruli tipis invariantebidan holonomuri 

kvanZebis sasruli tipis invariantebSi. 

birmanma da vrinklem daamtkices, rom ori holonomuri kvanZi, romelic 

topologiurad izotopuria, sinamdvileSi holonomuradac izotopuria. kombinatoruli 

TvalsazrisiT es niSnavs, rom holonomuri kvanZebis holonomuri izotopiiT 

klasifikacia am kvanZebis diagramebis izotopiiT klasifikaciis identuria. (kvanZis 

diagramis izotopia ganixileba, rogorc brtyeli izotopiebisa da raidemaisteris 

moZraobebis mimdevroba). 

winamdebare naSromSi ganxilulia kvanZis  AFL saxiT warmodgenis holonomur 

saxeze gadayvanis algoriTmi, warmodgenilia holonomuri wiris aRweris idea – 

rkalebis saTiTaod mocema konkretuli martivi funqciiT da mTliani kvanZis aRwera am 

funqciebis interpolaciis gziT, ganxilulia aRmweri funqciis Tvisebebi da 

mocemulia funqciis konkretuli saxe. yovelive amis safuZvelze muSavdeba programuli 

paketi. 
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amocanis dasma 

rogorc ukve aRvniSneT,  yoveli kvanZi warmoqmnis minimaluri sityvebis 

unikalur simravles mocemul anbanze. Cveni mizania, mocemuli AFL warmodgenis 

Sesabamisi sityva gardavqmnaT ise, rom miRebuli sityva Seesabamebodes kvanZis 

holonomur saxes da movaxdinoT Sesabamisi wiris holonomuri parametrizacia, rac 

niSnavs Semdegs: 

vTqvaT,  𝑓: [0, 2π) → 𝑅  ∈   𝑪 ∞  aris 𝑪 ∞ klasis 2-perioduli funqcia.  𝑆1𝑅3 aris 

wrewiri samganzomilebian sivrceSi. 𝑓  funqcia gansazRvravs 𝑓~: 𝑆1 → 𝑅3  asaxvas 

Semdegnairad:  

𝑓~ =  (−𝑓(𝑡),  𝑓′(𝑡),  − 𝑓′′(𝑡))          ( 2) 
  

Tu 𝑓 funqcia isea SerCeuli, rom: 

1. ∄ 𝑡1, 𝑡2 ∈  [0, 𝑇),     𝑡1  ≠  𝑡2,   (−𝑓(𝑡1), 𝑓′(𝑡1), −𝑓′′(𝑡1)) = (−𝑓(𝑡2), 𝑓′(𝑡2), −𝑓′′(𝑡2)).  ( 3) 

2. Tu (−𝑓(𝑡1), 𝑓′(𝑡1)) = (−𝑓(𝑡2), 𝑓′(𝑡2)) ⇒ 𝑓′(𝑡1) ≠ 0 maSin   𝑓′(𝑡1) ≠ 0.    ( 4) 

3. ∄ 𝑡1, 𝑡2 ,𝑡3 ∈  [0, 𝑇), 𝑡1  ≠  𝑡2 ≠  𝑡3,    |   (−𝑓(𝑡1), 𝑓′(𝑡1)) = (−𝑓(𝑡2), 𝑓′(𝑡2)) = (−𝑓(𝑡3), 𝑓′(𝑡3))  ( 5) 

ityvian, rom wiri aRwerilia holonomurad.  

am Tvisebebidan gamomdinareobs, rom holonomuri wiri orientirebulia saaTis 

isris moZraobis sawinaaRmdegod, erT wertilSi ar ikveTeba wiris sami an meti Sto, 

xolo wiris gadakveTebi Y>0 naxevarsibrtyeze aris uaryofiTi, Y<0 naxevarsibrtyeze – 

dadebiTi. 

                 1   

                            

 

                  2    wrfe   Y=0 

   

uaryofiTi                            

gadakveTa                 

 sibrtye   Y=0 

3 

 

 

     4    

 1 (a) 

  

dadebiTi 

gadakveTa 

                  

1 (b) 

ნახ.  1.  gadakveTis niSnis gansazRvra: (a) naxazi gviCvenebs proeqtirebul saxeebs XY sibrtyeze, (b) naxazze 
isini mocemulia 3-ganzomilebian sivrceSi. 
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AFL sityva Cawerilia garkveul anbanze, kerZod, igi warmoadgens n cali 𝐶𝑖
𝑒 saxis 

simboloTa mimdevrobas, sadac 𝐶 ∈ {𝑆, 𝑇}, 𝑒 ∈ {+1, −1},  i=1. . .n. 𝑆 niSnavs, rom wiris Sto 

gadadis sxva Stos zemodan, 𝑇 – gadadis qvemodan, +1 – wiris Sto aRmavalia, −1 – wiris 

Sto daRmavali, i aris wiris gaswvriv kveTis rigiTi nomeri. am principiT, samyura 

Caiwereba Semdegnairad:  𝑇1
−1𝑆2

+1𝑇3
−1. rac Seexeba holonomuri kvanZis Canawers, mis Sesabamis 

sityvaSi unda iyos mxolod  𝑆𝑖
−1 da 𝑇𝑖

+1 simboloebi, anu gvaqvs amocana: 

𝐼𝑛𝑝𝑢𝑡: {𝐶𝑖
𝑒|𝐶 = 𝑆, 𝑇,   𝑒 = +1, −1, 𝑖 = 1 … 𝑚}       ( 6) 

𝑂𝑢𝑡𝑝𝑢𝑡: {𝐶𝑖| 𝐶 = 𝑆−1, 𝑇+1, 𝑖 = 1 … 𝑛  }        ( 7) 

simartivisaTvis holonomurad aRweril kvanZSi SeiZleba 𝑆−1 S-Tan da 𝑇+1 T-sTan 

gavaigivoT da gveqneba Semdegi Canaweri: 

𝑂𝑢𝑡𝑝𝑢𝑡: {𝐶𝑖| 𝐶 = 𝑆, 𝑇,         𝑖 = 1 … 𝑛  }        ( 8) 

miRebuli sityvis Sesabamisi monacemTa struqtura aris kvanZebis masivi (an bmuli 

sia), sadac yoveli kvanZi SegviZlia calke klasis (struqturis) saxiT ganvixiloT: 

class  node = {  int  i, i=0,…n-1,       ( 9) 

   int  j,  j=0,…n-1, 

   char c,  c=S, T 

} 

Tavdapirvel AFL wirSi SeiZleba iyos araholonomuri gadasvlebi (saaTis isris 

moZraobis sawinaaRmdego) da/an kveTebi (Y>0 naxevarsibrtyeze _ uaryofiTi, Y<0 

naxevarsibrtyeze – dadebiTi). [1] statiaSi ganxiluli algoriTmis Sesabamisad sawyis 

kvanZSi jer gardavqmniT araholonomur gadasvlebs, Semdeg ki – araholonomur kveTebs. 

Tu araholonomuri mxolod gadasvlebia, maSin mxolod  FADEN  nawilis gardaqmna iqneba 

saWiro, Tu araholonomuri kveTebic gvaqvs, maSin gardaiqmneba ARCADE nawilic. 

i  aris sityvis marcxnidan marjvniv wakiTxvisas kveTis rigiTi nomeri   (S/T 

simbolosi)   

 j  aris sityvaSi kveTaze gadasvlis rigi. 

magaliTad, samyuras CanawerSi: 

𝐼𝑛𝑝𝑢𝑡 =  𝑆0
−1𝑇1

+1𝑆2
−1 

𝑂𝑢𝑡𝑝𝑢𝑡 =  𝑆5 𝑆1𝑆3𝑇2𝑇0𝑇4 

𝑖 = {0,1,2,3,4,5} 

𝑗 = {5,1,3,2,0,4} 
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es Canaweri Seesabameba kveTebis (FADEN da ARCADE nawilebis) numeracias, 

wiris erTgvar abstraqcias.  𝐴𝐹𝐿 → 𝐻𝑜𝑙𝑜𝑛𝑜𝑚𝑖𝑐  algoriTmi adgens wiris aseT 

abstraqtul Canawers da igi asaxavs wiris kveTebis mimdevrobas, rac mTlianad aRwers 

wirs. wiris funqciis meSveobiT aRwerisaTvis saWiroa koordinatebis Sesabameba, rasac 

mogvianebiT SevexebiT. 

vTqvaT, Tavdapirvel AFL wirSi gvaqvs araholonomuri kveTebic. k aris FADEN-is 

gardaqmnis Sedegad darCenili araholonomuri kveTebis raodenoba, romlebic ARCADE-s 

gardaqmniT holonomurdeba da miiReba 2k+1 cali rkali, amitom Output sityvaSi kveTebi 

(rkalebi) SegviZlia davyoT Semdegnairad: 

j=0,…n-1-(2k+1)  - FADEN 

j=n-1-2k,…n-1  - ARCADE 
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AFL wirebis gardaqmna holonomur saxeze 

(𝐴𝐹𝐿 → 𝐻𝑜𝑙𝑜𝑛𝑜𝑚𝑖𝑐  algoriTmi) 

rogorc ukve vTqviT, AFL sityva Cawerilia garkveul anbanze, kerZod, igi 

warmoadgens n cali 𝐶𝑖
𝑒 saxis simboloTa mimdevrobas, sadac 𝐶 ∈ {𝑆, 𝑇}, 𝑒 ∈ {+1, −1},  i=1. . 

.n. sadac 𝑆 niSnavs, rom wiris Sto gadadis sxva Stos zemodan, 𝑇 – gadadis qvemodan, +1 

– wiris Sto aRmavalia, −1 – wiris Sto daRmavali, i aris wiris gaswvriv kveTis rigiTi 

nomeri. am principiT, samyura Caiwereba Semdegnairad:  𝑇1
−1𝑆2

+1𝑇3
−1 

 

ნახ.  2.  samyura da misi AFL warmodgena 

 

vasilievis mier damtkicebuli Teoremis Sesabamisad, yoveli K  kvanZs Seesabameba 

misi izotopuri 𝐾′ kvanZi, holonomuri parametrizaciiT. aseve, ori holonomuri kvanZi, 

romlebic topologiurad izotopuria, aris holonomurad izotopuric, rac imas niSnavs, 

rom holonomuri kvanZebis holonomuri izotopia maTi diagramebis izotopuri 

klasifikaciis identuria (kvanZebis diagramebis izotopia ganisazRvreba, rogorc 

planaruli izotopiebisa da raidemaisteris moZraobebis sasruli mimdevroba). 

gausisa da raidemaisteris Sromebis Tanaxmad, nebismieri Caketili wiri SeiZleba, 

warmodgenil iqnes ori araTviTgadamkveTi nawilis gaerTianebis saxiT. am nawilebidan 

erT-erTs Tu ganvixilavT TaRis saxiT (ARCADE), meore SeiZleba warmovadginoT, rogorc 

masze daxveuli Zafi (FADEN). FADEN nawilis moZraobis orientacia gansazRvravs 

zogadad AFL-is orientacias. Tu FADEN wiri (t-s zrdasTan erTad) mudmivad saaTis isris 

moZraobis sawinaaRmdegod moZraobs, Sesabamisad, ARCADE nawilic t-s zrdasTan erTad) 

mudmivad saaTis isris moZraobis sawinaaRmdegod iqneba mimarTuli da wiri mTlianad 

akmayofilebs holonomurobis erT-erT Tvisebas. am warmodgenaSi FADEN 

(araTviTgadamkveTi) kveTs ARCADE-s raRac wertilebSi, romlebsac viyenebT AFL sityvis 

Casawerad.  

AFL CanawerSi kveTebis mimdevroba SeiZleba iseTi iyos, rom i wertilidan i+1 

wertilze pirdapir gadasvla FADEN-is TviTgadakveTas iwvevdes, am SemTxvevaSi FADEN 
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akeTebs zedmet rkals, romelic cdeba ARCADE-s, raTa TviTkveTa iqnas Tavidan 

acilebuli.  

 

ნახ.  3. rviani kvanZi da misi AFL warmodgena 

 

birmanisa da vrinkles mier naCvenebi iqna, rom ori holonomuri kvanZi, romelic 

topologiurad izotopuria, holonomuradac izotopuria. es niSnavs, rom holonomuri 

kvanZebis holonomuri klasifikacia identuria am kvanZebis diagramebis izotopuri 

klasifikaciis. amdenad, mxolod holonomuri kvanZebis ganxilva iZleva wirebis farTo 

klasis nacvlad gacilebiT viwro klasis ganxilvis saSualebas. 

ganvixiloT Semomavali AFL sityva. Tu AFL-Si yvela gadasvla da kveTa iqneba 

holonomuri, igi Seesabamiseba trivialur kvanZs anu wrewirs, amitom apriori CavTvaloT, 

rom AFL-Si aucileblad arsebobs araholonomuri gadasvlebi an/da araholonomuri 

kveTebi. mis holonomurad gadasaqcevad viqceviT Semdegnairad: 

1.  Tavidan pirobiTad vuSvebT, rom ARCADE aris swori xazi, romelic devs abscisTa 

RerZze. am pirobas viyenebT FADEN-is SedarebiT advilad gardasaqmnelad. 

2.  vamatebT “kidura” kvanZebs, anu im wertilebs, sadac FADEN gadadis ARCADE-Si. 

Tu AFL CanawerSi kvanZebi isea ganlagebuli, rom “kidura” kvanZebis Camatebis SemTxvevaSi 

FADEN TviTgadamkveTi gamodis, AFL-is konstruirebisaTvis viqceviT Semdegnairad: 

rkalSi, romelic gadakveTs masze adre gavlebul rkals, sawyisi i wertilis Semdeg 
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vamatebT ARCADE-s gareT axal wertils imis gaTvaliswinebiT, Tu romel mxaresaa AFL 

-is saboloo wertili – i-s marcxniv Tu marjvniv, da aqedan gadavdivarT rkalis saboloo 

i+1 wertilze, romelic gadainomreba da gaxdeba i+2. Sesabamisad gadainomreba momdevno 

wertilebic. (O(n)). 

3.  vadgenT araholonomuri gadasvlebis mqone rkalebis (ARCADE-s zemoT marjvniv 

mimarTuli, ARCADE-s qvemoT marcxniv mimarTuli) arsebobas. Tu aseTi ar aris, 

gadavdivarT kveTebis holonomurobis Semowmebaze (p. 6) (O(n)). 

4.  holonomuri gadasvlebis gardasaqmnelad viqceviT Semdegnairad : 

a. Tu Semosul sityvaSi araholonomuri gadasvla raidemaisteris pirveli 

moZraobis Sesabamisia, mas iqve gadavanacvlebT: (O(n)). 

 

ნახ.  4a, 4b. raidemaisteris I moZraoba 

b. Tu romelime kvanZis Sesabamisi kveTac da gadasvlac araholonomuria, es 

kvanZi SegviZlia “gavitanoT” ARCADE-s gareT holonomurobis gaTvaliswinebiT 

(Sesabamisad marcxniv an marjvniv).  (O(n)). 

 

ნახ.  5. erTdroulad araholonomuri gadasvlisa da kveTis gardaqmna 

 

g. danarCeni araholonomuri gadasvlebis holonomurad gardasaqmnelad 

gamovyofT cal-calke marjvniv da marcxniv gadasvlebs. viwyebT ukiduresad marjvniv 

mdebare saboloo wertilis mqone rkaliT, rkalis dasawyisidan gadavdivarT marcxniv, 

vamatebT axal (𝑆−1) wertils ARCADE-s gareT (vagrZelebT warmosaxviT xazs), vkveTT 

 

a                               
b 
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da “vuxvevT” marjvniv, vamatebT rkalis saboloo wertilis uSualod gverdiT 

marjvniv axal 𝑇+1   wertils da gadavdivarT Tavdapirveli rkalis saboloo 

wertilSi (). ase viqceviT yvela araholonomuri marjvniv gadasvlis 

gasaholonomureblad. (O(n)). 

d. analogiurad viqceviT araholonomuri marcxniv gadasvlebis SemTxvevaSic: 

viwyebT ukiduresad marcxniv mdebare saboloo wertilis mqone rkaliT, rkalis 

dasawyisidan gadavdivarT marjvniv, vamatebT axal (𝑇+1) wertils ARCADE-s gareT 

(vagrZelebT warmosaxviT xazs), vkveTT da “vuxvevT” marcxniv, vamatebT rkalis 

saboloo wertilis uSualod gverdiT marcxniv axal 𝑆−1  wertils da gadavdivarT 

Tavdapirveli rkalis saboloo wertilSi (). ase viqceviT yvela araholonomuri 

marcxniv gadasvlis gasaholonomureblad. (O(n)). 

e. mTlianobaSi AFL-s SeiZleba daakldes erTi an ramdenime kveTa, magram 

daemateba FADEN-is TviTgadamkveTi erTi an ramdenime kveTa, Tumca es gadasvlebi 

Seesabameba raidemaisteris moZraobebs da ar arRvevs Tavdapirveli AFL-is 

topologias. 

5.  me-4 punqtSi aRwerili gardaqmnebis Semdeg vamowmebT, xom ar gaCnda “zedmeti”  

rkalebi, anu iseTi, romlebic  ARCADE-s ar kveTs da mudmivad erT-erT 

naxevarsibrtyeSia ganlagebuli. AaseTi nawilebis mosaSoreblad vamowmebT Semdeg 

pirobebs: 

a. veZebT gverdigverd ganlagebul erTnairi kveTis (S an T) mqone rkalebs da 

“vxsniT” (raidemaisteris pirveli moZraoba, nax. 6);  (O(n)). 

 

ნახ.  6. raidemaisteris pirveli moZraoba 

 

b. veZebT iseT rkalebs, romlis orive bolo ARCADE-s gareTaa da “vxsniT” 

(raidemaisteris mesame moZraoba, nax. 7); (O(n)). 
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ნახ.  7. raidemaisteris mesame moZraoba 

 

g. veZebT iseT rkalebs, romlis erT-erTi bolo ARCADE-s gareTaa da 

mTlianad rkali ar kveTs sxva rkalebs da “vxsniT”  (raidemaisteris meore 

moZraoba, nax. 8); (O(n)). 

 

ნახ.  8. raidemaisteris meore moZraoba 

d. a, b, g punqtebs vimeorebT manam, sanam ar aRmovfxvriT aseT “zedmet” 

rkalebs. 

6. me-4, me-5 punqtebi asrulebs FADEN nawilis mTlian gardaqmnas. Tu 

miRebul CanawerSi ar darCeba araholonomuri kveTebi, ARCADE nawils, romelic 

Tavidan CavTvaleT abscisaTa RerZis Tanxvdenilad, vcvliT mcire simaRlis rkaliT, 

xolo Tu miRebul CanawerSi isev darCeba araholonomuri kveTebi, saWiro xdeba 

ARCADE-s gardaqmna. vadgenT, holonomur gadasvlaze araholonomuri kveTebis 

raodenobas da AFL warmodgenaSi ARCADE -s vamatebT imdenive xvias, anu, Tu wiris 

CanawerSi aris k cali rkali, romelTa Sesabamisi gadasvla holonomuria da kveTa _ 

araholonomuri, wirs ARCADE nawilSi unda daematos 2k cali rkali. (nax. 9a, 9b). 
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nax. 9a 

 

nax. 9b 

ნახ.  9a, 9b. ARCADE-s daxveva araholonomuri kveTebis gardasaqmnelad 

 

araholonomur kveTasTan ARCADE-s vaxvevT raidemaisteris meore moZraobis 

Sesabamisad ise, rom erTi kveTis nacvlad warmoiqmneba oTxi kveTa. ori axali wertili 

daemateba araholonomuri kveTis marjvniv (( 𝑇−1  SemTxvevaSi) an marcxniv (( 𝑆+1 

SemTxvevaSi). aqac ARCADE nawilis sworxazovan areebs vcvliT mcire simaRlis 

rkalebiT. (O(n)). 

es algoriTmi asrulebs AFL-is holonomurad gardaqmnas. aq ukve SegviZlia 

ARCADE warmovidginoT (isev topologiis daurRvevlad) rogorc rkali, romlis 

simaRle naklebia FADEN-is yvela rkalis simaRleze (rodesac Tavdapirvel AFL-Si ar 

aris araholonomuri kveTebi), garda im wertilebis midamosi, sadac dagvWirda TviTon 

ARCADE-s daxveva araholonomuri kveTis “gasaxsnelad”.   

miRebuli wirisTvis vadgenT funqcias ise, rom  

Seesabamebodes wiris parametrul (X, Y, Z) aRweras.  

algoriTmis kerZo SemTxvevad SegviZlia ganvixiloT (2, q) toruli tipis kvanZebi 

(q=2*k+1), romlis zogadi AFL Canaweri iqneba   𝑆0
−1(𝑇𝑖

+1𝑆𝑖+1
−1 ), i=1. . .(q-1)/2, (magaliTad 

samyura 𝑆0
−1𝑇1

+1𝑆2
−1 ). misi gardaqmna dasruldeba 5a punqtiT, radganac Canaweri, dawyebuli 
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𝑇1
+1-dan Sedgeba mxolod raidemaisteris meore moZraobis Sesabamisi araholonomuri 

gadasvlebisagan. 

 

 

 

 

 

 

ნახ.  10. (2,5) toris gardaqmna holonomur saxeze 
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parametrizaciis funqciis Tvisebebi da wonis funqcia 

 

holonomuri wiris aRwerisaTvis veZebT iseT periodul 𝑓 funqcias, rom asaxva 

Seesabamebodes wiris parametrul (𝑋, 𝑌, 𝑍) aRweras.  

aRsaniSnavia, rom dadebiTi samyurasTvis Sedgenilia holonomuri 

parametrizaciis funqcia (jon bueti, maikl kinnali, feliqs tubiana): 

𝑓(𝑡) = sin 𝑡 + 4 ∗ sin 2 ∗ 𝑡 + sin 4 ∗ 𝑡        ( 10) 

 

 

ნახ.  11 .  ფუნქცია  𝑓(𝑡) = 𝑠𝑖𝑛 t + 4 ∗ 𝑠𝑖𝑛 2 ∗ t + 𝑠𝑖𝑛 4 ∗ t განსაზღვრავს დადებით სამყურას. 

rogorc vxedavT, f(t)-s Sesabamisi grafiki xerxiseburia. avtorebma SeZles am 

magaliTis gavrcoba (2, 𝑞) toruli kvanZebisTvis, garkveuli xerxiseburi funqciebis 

furies wakveTili miaxloebiT. Tumca maTi es kerZo Sedegi sakmaod CaxlarTulia 

aRsawerad da amasTanave, ar aris damtkicebuli, rom es meTodi muSaobs yvela 𝑞-Tvis. 

Cvens SemTxvevaSi ganvixilavT sxvanair midgomas. radganac funqcia aRwers 

mTlian wirs [0, 2𝜋] Sualedze, cxadia, wiris yovel rkals am Sualedidan raRac 

monakveTi Seesabameba. vTqvaT, wirSi aris 𝑛 cali rkali (TiToeuli rkali Seesabameba 

wiris or momdevno kveTas Soris arsebul gadasvlas). [0, 2𝜋] Sualeds vyofT n cal 

monakveTad, dayofis wertilebi aRvniSnoT 𝑡𝑖-Ti,  𝑖 = 1. . 𝑛, 0 ≤ 𝑡0 < 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑖 < ⋯ <

𝑡𝑛−1 < 𝑡𝑛 ≤ 2𝜋Dda TiToeul i- ur monakveTze rkals aRvwerT raRac 𝑓𝑖 martivi 

trigonometriuli funqciis meSveobiT1.  

Teorema 1. holonomuri wiri holonomurad aRiwereba, rogorc am wiris 

calkeuli rkalebis aRmweri 𝑓𝑖 martivi trigonometriuli funqciebis kombinacia 

𝑓 = ∑ 𝑓𝑖 ∗ 𝑐𝑜𝑒𝑓𝑖
𝑖=𝑛
𝑖=1           ( 11 ) 

                                                           
1 [0, 2𝜋] Sualedis dayofis wess mogvianebiT aRvwerT. 
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sadac 𝑐𝑜𝑒𝑓𝑖 koeficientebi aris perioduli, uban-uban mudmivi wonis funqcia ise, 

rom TiToeuli rkalisTvis sruldeba tolobebi: 

𝑓(𝑡) = 𝑓𝑖(𝑡),        𝑓′(𝑡) = 𝑓𝑖
′(𝑡),            𝑓′′(𝑡) = 𝑓𝑖

′′(𝑡),      ∀ 𝑖 = 1. . 𝑛    ( 12 ) 

  

Cven unda vaCvenoT, rom ase SerCeuli funqcia akmayofilebs holonomurobis sam 

Tvisebas. 𝐴𝐹𝐿 → 𝐻𝑜𝑙𝑜𝑛𝑜𝑚𝑖𝑐  algoriTmidan gamomdinare, Cven rkalebi ise ganvalageT, rom 

rkalebis gadakveTis wertilebi daSorebulia X RerZidan. es avtomaturad iwvevs me-2 

pirobis Sesrulebas. rac Seexeba 1-el da me-3 pirobebs, es damokidebulia Tavad   

funqciebis SerCevaze. 

jer ganvixiloT  

lema 1. (1) formulaSi koeficientebad SegviZlia gamoviyenoT modificirebuli 

kvadratuli talRebis namravli. 

damtkiceba: ganvixiloT zogadi kvadratuli talRis gamosaxuleba 

𝑆𝐴,𝑇 = 𝐴 ∗ (−1)⌊
2∗(𝑡−𝑡∗)

𝑇
⌋         ( 13 )  

sadac 𝐴 talRis amplitudaa, 𝑇  aris periodis sigrZe, Cvens SemTxvevaSi 𝑇 = 2𝜋 

𝑡∗ ∈ [0, 2𝜋].  misi grafiki mocemulia nax. 12.-ze: 

 

ნახ.  12. ზოგადი კვადრატული ტალღის გრაფიკი 
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funqciis mniSvnelobebia 𝐴 da –𝐴 zustad periodis naxevar sigrZeze, kerZod, 

Tu: 

 0 ≤ 𝑡∗ <
𝑇

2
,  𝑆𝐴,𝑇 = −𝐴,    ⩝ 𝑡 ∈ [0, 𝑡∗] ∪ [ 𝑡∗, 𝑡∗ +

𝑇

2
],  

 𝑆𝐴,𝑇 = 𝐴,    ⩝ 𝑡 ∈ [ 𝑡∗,  𝑡∗ +
𝑇

2
]    ( 14 ) 

da  

𝑇/2 ≤ 𝑡∗ < 𝑇,  𝑆𝐴,𝑇 = 𝐴,    ⩝ 𝑡 ∈ [0, 𝑡∗ − 𝑇/2] ∪ [ 𝑡∗, 𝑇],  

 𝑆𝐴,𝑇 = −𝐴,    ⩝ 𝑡 ∈ [ 𝑡∗ − 𝑇/2, 𝑇]    ( 15 ) 

Cven gvWirdeba zogadi gamosaxulebis modifikacia Semdegi saxiT: 

1

2
∗ (1 + (−1)

⌊
2∗(𝑡−𝑡𝑖)

𝑇
⌋
)          ( 16 )  

sadac 𝑡𝑖 _ periodis dayofis wertilebia,  𝑖 = 1. . 𝑛, 𝐴 = 1, 𝑇 = 2. 

am gamosaxulebis mniSvnelobebia 1 da 0 (4), (5) wesebis Sesabamisad. (nax. 13.) 

 

ნახ.  13. მოდიფიცირებული კვადრატული ტალღის გრაფიკი 

 

rogorc ukve vTqviT, kvadratuli talRis funqcias ori gansxvavebuli 

mniSvneloba aqvs periodis naxevris sigrZis Sualedebze. imisaTvis, rom vareguliroT 
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mniSvnelobebis Sualedis sigrZe, ori kvadratuli talRis gamosaxulebas vamravlebT 

erTmaneTze: 

𝑠𝑞𝑤𝑖 =
1

2
∗ (1 + (−1)

⌊
2∗(𝑡−𝑡𝑖−1)

𝑇
⌋
) ∗

1

2
∗ (1 + (−1)

⌊
2∗(𝑡−(𝑡𝑖−

𝑇
2

))

𝑇
⌋

)     ( 17 )  

misi mniSvnelobebia [𝑡𝑖−1, 𝑡𝑖] Sualedze _ 1, xolo periodis danarCen 

monakveTebze _ 0. es Tviseba uzrunvelyofs imas, rom parametrizaciis 𝑓 funqciaSi 

yoveli 𝑓𝑖 wevri “aqtiurdeba” Sesabamis monakveTze, xolo danarCen monakveTebze “qreba” 

(nax. 14), e.i. 

𝑓(𝑡) = 𝑓𝑖(𝑡),   ∀ 𝑖 = 1. . 𝑛         ( 18 )  

 

ნახ.  14. პარამეტრიზაციის ფუნქციის კოეფიციენტის გრაფიკი 

 

garda amisa, uban-uban mudmivi funqciis Tvisebidan gamomdinare, kvadratuli 

talRis aRmweri funqciis warmoebuli =0, amdenad, gveqneba: 

(𝑓𝑖 ∗ 𝑠𝑞𝑤𝑖)′ = 𝑓𝑖′ ∗ 𝑠𝑞𝑤𝑖  da  (𝑓𝑖 ∗ 𝑞𝑖)′′ = 𝑓𝑖′′ ∗ 𝑠𝑞𝑤𝑖     ( 19 ) 

da, aqedan gamomdinare: 

𝑓′(𝑡) = 𝑓𝑖
′(𝑡),       ∀ 𝑖 = 1. . 𝑛  da 𝑡 ∈ [𝑡𝑖−1, 𝑡𝑖]      ( 20 )  

𝑓′′(𝑡) = 𝑓𝑖
′′(𝑡),      ∀ 𝑖 = 1. . 𝑛 da 𝑡 ∈ [𝑡𝑖−1, 𝑡𝑖]      ( 21 ) 
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e. i. (9) gamosaxuleba akmayofilebs (4) moTxovnebs da is SegviZlia gamoviyenoT 

wonis funqciis Sesabamis koeficientebad (1) gamosaxulebaSi.  

 (lema 1-is damtkiceba) 

SeniSvna 1.  𝑓𝑖 funqciebis ramdenime Tviseba: 

a) imis gaTvaliswinebiT, rom wiris holonomuri aRwerisas yoveli 

rkalis boloebi X RerZs unda eyrdnobodes, gveqneba:  

𝑓𝑖′(𝑡𝑖−1) = 𝑓𝑖
′( 𝑡𝑖) = 0           ( 22 )  

b) rkalebis Tanabari simrudisaTvis: 

𝑓𝑖
′′(𝑡𝑖−1) = −𝑓𝑖′′( 𝑡𝑖)          ( 23 )  

gamoTvlebis gasamartiveblad SegviZlia CavTvaloT: 

𝑓𝑖
′′(𝑡𝑖−1) = 𝑓𝑖

′′(𝑡𝑖) = 0     𝑖 = 1. . 𝑛        ( 24 )  

radganac garda zemoaRniSnulisa, 𝑓𝑖 funqciebi unda akmayofilebdes Semdeg 

pirobebs: 

𝑓𝑖(𝑡𝑖) = 𝑓𝑖+1(𝑡𝑖)

𝑓𝑖
′(𝑡𝑖) = 𝑓𝑖+1

′(𝑡𝑖)

𝑓𝑖
′′(𝑡𝑖) = 𝑓𝑖+1

′′(𝑡𝑖)

𝑓1(0) = 𝑓𝑛(2𝜋)

𝑓1
′(0) = 𝑓𝑛

′(2𝜋)

𝑓1
′′(0) = 𝑓𝑛

′′(2𝜋)

          ( 25 ) 

𝑖 - uri rkali Seesabameba periodis [𝑡𝑖−1, 𝑡𝑖] Sualeds. rac Seexeba Tavad 

parametrizaciis funqciis wevr 𝑓𝑖 trigonometriul funqciebs, maTi argumenti aris 𝛼𝑖 ∗

𝑡, sadac yovel rkalze argumentis 𝛼𝑖 ∗ 𝑡 sidide icvleba 0-dan  −mde.  𝛼𝑖 parametri 

gansazRvravs 𝑓𝑖 funqciebis periods, romelic 2 ∗ -s jeradi unda iyos (zogadad, 

arCeuli 𝑇-s jeradi) luwi jeradobiT. 

imis gaTvaliswinebiT, rom wiris holonomuri aRwerisas yoveli rkalis 

boloebi X RerZs unda eyrdnobodes, gveqneba:  

𝑓𝑖′(0) = 𝑓𝑖
′() = 0            ( 26 ) 

xolo rkalebis Tanabari simrudisaTvis: 

𝑓𝑖
′′(0) = −𝑓𝑖′′()          ( 27 ) 

gamoTvlebis gasamartiveblad SegviZlia winaswar davafiqsiroT: 

𝑓𝑖
′′(𝑡𝑖) = 0     𝑖 = 1. . 𝑛         ( 28 ) 
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SeniSvna 2.  𝑓𝑖 funqciebis argumentad viRebT ara uSualod t-s, aramed 𝛼𝑖 ∗ 𝑡 

sidides ise, rom: 

⩝  𝑡 ∈ [𝑡𝑖−1, 𝑡𝑖] :      0 ≤ 𝛼𝑖 ∗ (𝑡 − 𝑡𝑖) ≤ 𝜋D       ( 29 ) 

𝛼𝑖 parametrebi gansazRvravs 𝑓𝑖 funqciis periods, radganac 𝑇(𝑓𝑖) = 2𝜋/𝛼𝑖  da 

samarTliania Semdegi: 

 lema 2. 𝛼𝑖 parametrebi akmayofileben tolobas:   

∑
1

𝛼𝑖
= 2𝑛−1

𝑖=1             ( 30 ) 

damtkiceba: vTqvaT, 𝛼𝑖 parametrebi raRac wesiT SevarCieT, maSin (18)-s 

Sesabamisad [0, 2𝜋] Sualedi daiyofa Semdegi wesiT: 

 

ცხრ.  1.  [0, 2𝜋] შუალედის დაყოფა  𝑛  მონაკვეთად 

𝒊 𝒕𝒊−𝟏 𝒕𝒊 

𝟏 0 𝜋

𝛼1
 

𝟐 𝜋

𝛼1
 

𝜋

𝛼1
+

𝜋

𝛼2
 

𝟑 𝜋

𝛼1
+

𝜋

𝛼2
 

𝜋

𝛼1
+

𝜋

𝛼2
+

𝜋

𝛼3
 

…. . . . . . . . . 

𝒏 𝜋

𝛼1
+

𝜋

𝛼2
+

𝜋

𝛼3
+ ⋯ +

𝜋

𝛼𝑛−1
 

𝜋

𝛼1
+

𝜋

𝛼2
+

𝜋

𝛼3
+ ⋯ +

𝜋

𝛼𝑛−1
+

𝜋

𝛼𝑛
 

zogadad, i-ur rkalze droiTi cvladi gaivlis monakveTebs: 

 𝑡 ∈ [𝑡𝑖−1, 𝑡𝑖] , sadac 𝑡0 = 0,   𝑡𝑖 = ∑
1

𝛼𝑗

𝑛−1
𝑗=1 ,   𝑖 = 1. . 𝑛     ( 31 ) 

𝑡𝑖 warmoadgens 𝑖 -uri rkalis saboloo da 𝑖+1 rkalis sawyis wertils. mTliani 

wiris saboloo wertili, romelic unda daemTxves wiris sawyis wertils, iqneba 

𝑡𝑛=2 Sesabamisad: 

∑
𝜋

𝛼𝑖
= 2 ∗ 𝜋𝑛−1

𝑖=1 ,          ( 32 ) 

aqedan: ∑
1

𝛼𝑖
= 2𝑛−1

𝑖=1           ( 33 ) 

 (lema 2-is damtkiceba) 
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SeniSvna 3:  𝛼𝑖 gansazRvravs Sesabamisi rkalis simrudes, an rac igivea, rkalis 

simaRlis (h) Sefardebas rkalis siganesTan (∆𝑥). zogadad, Tu rkalis simaRles 

winaswar ar davafiqsirebT, martivi trigonometriuli funqcia (cos (𝑡) an sin (𝑡))   𝛼 ∗ 𝑡 ∈

[0, 𝜋] Sualedze aRwers rkals, romelic maqsimums (minimums) aRwevs 𝛼 ∗ 𝑡 =  
𝜋

2
 wertilSi 

da ℎ = 𝛼 ∗ ∆𝑥 ∗ 𝑝, sadac 𝑝 proporciulobis koeficienti damokidebulia funqciis 

konkretul saxeze da erTi da igivea am saxis yoveli funqciisaTvis nebismieri sxva 

koeficientebis SemTxvevaSi. 

SeniSvna 4:  im SemTxvevaSi, Tu rkalebis simaRles, an, rac igivea, rkalebis 

urTierTganlagebas, mniSvneloba ar eqneboda, 𝛼  parametrs yvela rkalisTvis 

aviRebdiT erTi da imave sidides, anu (24)-is gaTvaliswinebiT gveqneboda: 𝛼 =
𝑛

2
. magram, 

radganac ganvixilavT gardaqmnili AFL wiris _ or nawilad warmodgenili wiris _ 

holonomur parametrizacias, apriori viciT, rom ARCADE nawilSi rkalebis simaRle 

garkveulad unda Seesabamebodes FADEN nawilis rkalebis simaRles. aqedan 

gamomdinare, SeniSvna 2-is gaTvaliswinebiT, SegviZlia davaskvnaT, rom wiris ARCADE da 

FADEN nawilebSi 𝛼 parametri sxvadasxva iqneba. 

lema 3. rkalebis raodenobis miuxedavad, wiris ARCADE  da FADEN nawilebi 

ikaveben Tanabar dros, sruli periodis naxevars. 

damtkiceba. SeniSvna 4-is gaTvaliswinebiT, wiris FADEN nawilSi parametri 

aRvniSnoT 𝛼𝑓-iT, xolo ARCADE nawilSi parametri aRvniSnoT 𝛼𝑎-iT.  

𝑇𝑎 =
𝜋

𝛼𝑎
            ( 34)  

sadac 𝑇𝑎 aris TiToeuli rkalis aRmweri funqciis Sesabamisi Sualedi ARCADE 

nawilSi  da 

𝑇𝑓 =
𝜋

𝛼𝑓
            ( 35) 

sadac 𝑇𝑓 aris TiToeuli rkalis aRmweri funqciis Sesabamisi Sualedi FADEN 

nawilSi. 

mTlianad ARCADE  nawili ikavebs  

𝑇𝐴 = 𝑚 ∗
𝜋

𝛼𝑎
            ( 36) 

Sualeds, xolo FADEN nawili ikavebs  

 𝑇𝐹 = (𝑛 − 𝑚) ∗
𝜋

𝛼𝑓
           ( 37) 

Sualeds, sadac n aris mTlian wirSi rkalebis saerTo raodenoba, xolo m - ARCADE 

nawilSi rkalebis raodenoba. 



 

 
 

23 

mTliani wiris sruli Sualedi (romelic periodis tolia) iqneba: 

 𝑇 = 𝑚 ∗ 𝑇𝑎 + (𝑛 − 𝑚) ∗ 𝑇𝑓         ( 38) 

𝑇 = 𝜋 ∗ (
𝑚

𝛼𝑎
+

𝑛−𝑚

𝛼𝑓
)          ( 39)  

𝛼𝑎 da 𝛼𝑓 unda SevarCioT ise, rom ARCADE nawilSi rkalebis maqsimaluri 

simaRle moduliT naklebi iyos FADEN nawilSi rkalebis minimalur simaRleze 

moduliT, amisaTvis unda Sesruldes piroba: 

𝑚𝑖𝑛
𝐹𝑎𝑑𝑒𝑛

| 𝑥𝑘 − 𝑥𝑘+1| ∗ 𝑝𝑓 ∗ 𝛼𝑓 > 𝑚𝑎𝑥
𝐴𝑟𝑘𝑎𝑑𝑒

| 𝑥𝑙 − 𝑥𝑙+1| ∗ 𝑝1 ∗ 𝛼𝑎     ( 40) 

   

2∗𝜋
𝜋

𝛼𝑎

= 2 ∗ 𝛼𝑎           ( 41) 

      

2∗𝜋
𝜋

𝛼𝑓

= 2 ∗ 𝛼𝑓           ( 42) 

       

2∗𝜋

𝑚∗
𝜋

𝛼𝑎

=
2∗𝛼𝑎

𝑚
           ( 43) 

         

2∗𝜋

(𝑛−𝑚)∗
𝜋

𝛼𝑓

=
2∗𝛼𝑓

𝑛−𝑚
           ( 44) 

        

mTliani funqciis periodulobis gaTvaliswinebiT, 
𝑇

𝑇𝐴
  da  

𝑇

𝑇𝐹
 sidideebi unda 

iyos mTeli, ufro metic, luwi sidideebi. amasTan, mTeli periodi Seicavs erT ARCADE 

da erT FADEN nawilebs, anu 

  
𝑇

𝑇𝐴
=

𝑇

𝑇𝐹
= 2           ( 45) 

 rac gvaZlevs saSualebas, davaskvnaT, rom rkalebis raodenobisgan 

damoukideblad, holonomurad gardaqmnil wirSi ARCADE da FADEN nawilebis aRweras 

sWirdeba Tanabari dro – sruli periodis naxevari. 

𝑇𝐴 = 𝑇𝐹           ( 46) 
         

 (lema 3 damtkicebulia) 

aqedan, rogorc Sedgi, gamomdinareobs, rom Tu Tavdapirveli AFL wiri iseTia, 

rom masSi araholonomuri kveTebi ar aris, an dadis aseT saxeze, e.i. mxolod FADEN 

nawilis gardaqmnaa saWiro, ARCADE nawilSi mxolod erTi rkali iqneba, aqedan 

gamomdinare, 

𝛼1 = 1    da   𝛼𝑓 = 𝑛 − 1         ( 47) 
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holonomuri parametrizaciis funqcia 

 

Teorema 2. Tu holonomurad gardaqmnili wiris yovel rkals aRvwerT funqciiT: 

𝑓𝑖 = 𝑎𝑖 ∗ 𝑎𝑟𝑐𝑡𝑔(𝑞𝑖 ∗ 𝑐𝑜𝑠(∝𝑖∗ 𝑡)) + 𝑓𝑖 ∗ 𝑐𝑜𝑠(∝𝑖∗ 𝑡) + 𝑐𝑖      ( 48)  

sadac 𝑞𝑖 > 0, da ganisazRvreba garkveuli pirobebis mixedviT, xolo  ∝𝑖 

naturaluri ricxvia da ganisazRvreba FADEN da ARCADE nawilebSi rkalebis 

raodenobis Sesabamisad, maSin funqcia 

𝑓 = ∑ 𝑓𝑖 ∗ 𝑠𝑞𝑤𝑖
𝑖=𝑛
𝑖=1           ( 49) 

  

 axdens holonomurad gardaqmnili wiris holonomur parametrizacias. amasTan, 𝑞𝑖 

parametrebi gansazRvravs funqciis saxes da igi erTi mudmivia FADEN nawilis 

rkalebisTvis, meore mudmivia ARCADE nawilis im rkalebisTvis, romlebic “exveva” 

FADEN rkalebs, mesame mudmivia - ARCADE nawilis im rkalebisTvis, romlebic “ar 

exveva” FADEN rkalebs. 

 

damtkiceba: Cven unda vaCvenoT, rom (49) funqcia akmayofilebs holonomurobis 3 

Tvisebas. 

ganvixiloT  (48) funqcia zogadad da misi warmoebulebi: 

𝑓 = 𝑎 ∗ 𝑎𝑟𝑐𝑡𝑔(𝑞 ∗ 𝑐𝑜𝑠(∝∗ 𝑡)) + 𝑏 ∗ 𝑐𝑜𝑠(∝∗ 𝑡) + 𝑐      ( 50) 
  

𝑓′ = 𝑎 ∗
1∗𝑞∗∝∗(− 𝑠𝑖𝑛(∝∗𝑡))

1+𝑞2∗𝑐𝑜𝑠2(∝∗𝑡)
+ 𝑏 ∗ ∝∗ (− 𝑠𝑖𝑛(∝∗ 𝑡)) = −∝∗ 𝑠𝑖𝑛(∝∗ 𝑡) ∗ (

𝑎∗𝑞

1+𝑞2∗𝑐𝑜𝑠2(∝∗𝑡)
+ 𝑏) ( 51)  

𝑓′′ = − ∝2 𝑐𝑜𝑠(∝∗ 𝑡) ∗ (
𝑎∗𝑞

1+𝑞2∗𝑐𝑜𝑠2(∝∗𝑡)
+ 𝑏) −∝∗ 𝑠𝑖𝑛(∝∗ 𝑡) ∗ (

−𝑎∗𝑞∗𝑞2∗2∗𝑐𝑜𝑠(∝∗𝑡) ∗(− 𝑠𝑖𝑛(∝∗𝑡))∗𝛼

(1+𝑞2∗𝑐𝑜𝑠2(∝∗𝑡))
2 )        =

              − ∝2 𝑐𝑜𝑠(∝∗ 𝑡) ∗ (
2∗𝑎∗𝑞3∗𝑠𝑖𝑛2(∝∗𝑡)

(1+𝑞2∗𝑐𝑜𝑠2(∝∗𝑡))
2 +

𝑎∗𝑞

1+𝑞2∗𝑐𝑜𝑠2(∝∗𝑡)
+ 𝑏)      ( 52) 

avtomaturad sruldeba Semdegi pirobebi: 

𝑓′(0) = 𝑓′(𝜋) = 0          ( 53) 

𝑓′′(𝜋 − 𝑡) = −𝑓′′(𝑡)          ( 54) 

damatebiT Tu moviTxovT, rom Sesruldes piroba:  

𝑓′′(0) = 0           ( 55) 

miviRebT: 

2∗𝑞3∗𝑠𝑖𝑛20

(1+𝑞2∗𝑐𝑜𝑠20)2 +
𝑎∗𝑞

1+𝑞2∗𝑐𝑜𝑠20
+ 𝑏 =   

𝑎∗𝑞

1+𝑞2 + 𝑏 =  0      ( 56) 

aqedan: 

𝒃 =  −
𝒂∗𝒒

𝟏+𝒒𝟐           ( 57) 
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da Tavdapirveli funqcia da misi warmoebulebi  miiRebs saxes: 

𝒇 = 𝒂 ∗ 𝒂𝒓𝒄𝒕𝒈(𝒒 ∗ 𝒄𝒐𝒔(∝∗ 𝒕)) −
𝒂∗𝒒

𝟏+𝒒𝟐 ∗ 𝒄𝒐𝒔(∝∗ 𝒕) + 𝒄      ( 58) 

𝒇′ = −∝∗ 𝒂 ∗ 𝒔𝒊𝒏(∝∗ 𝒕) ∗ (
𝒒

𝟏+𝒒𝟐∗𝒄𝒐𝒔𝟐(∝∗𝒕)
−

𝒒

𝟏+𝒒𝟐)      ( 59) 

𝒇′′ = −𝒂 ∗ ∝𝟐 𝒄𝒐𝒔(∝∗ 𝒕) ∗ (
𝟐∗𝒒𝟑∗𝒔𝒊𝒏𝟐(∝∗𝒕)

(𝟏+𝒒𝟐∗𝒄𝒐𝒔𝟐(∝∗𝒕))
𝟐 +

𝒒

𝟏+𝒒𝟐∗𝒄𝒐𝒔𝟐(∝∗𝒕)
−

𝒒

𝟏+𝒒𝟐)    ( 60) 

ganvixiloT funqciis Tvisebebi:  Tu moviTxovT 𝑞 > 0, maSin 

  
𝒒

𝟏+𝒒𝟐∗𝒄𝒐𝒔𝟐(∝∗𝒕)
−

𝒒

𝟏+𝒒𝟐 ≥ 𝟎                         ∀𝒒 > 𝟎        ( 61) 

nulTan toloba miiReba, roca  𝑐𝑜𝑠2(∝∗ 𝑡) = 1, anu intervalis boloebze 

da         

  
𝟐∗𝒒𝟑∗𝒔𝒊𝒏𝟐(∝∗𝒕)

(𝟏+𝒒𝟐∗𝒄𝒐𝒔𝟐(∝∗𝒕))
𝟐 +

𝒒

𝟏+𝒒𝟐∗𝒄𝒐𝒔𝟐(∝∗𝒕)
−

𝒒

𝟏+𝒒𝟐 ≥ 𝟎                                ∀𝒒 > 𝟎    ( 62)  

aqac nulTan toloba miiReba  intervalis boloebze 

 

anu 𝑞 > 0 SemTxvevaSi garantirebulia funqciis mkacri monotonuroba da 

funqciis warmoebulis mkacri amozneqiloba an Cazneqiloba (𝑎-s niSnis mixedviT), rac 

uzrunvelyofs imas, rom kvanZis gegmilisTvis XOY sibrtyeze ⩝  𝑡 ∈ [𝑡𝑖−1, 𝑡𝑖] monakveTze 

gveqneba naxevarelifsis formis mqone rkalebi da rkalis dafiqsirebuli siganis 

SemTxvevaSic rkalis simaRle SegviZlia nebismierad vcvaloT 𝑞-s arCevis mixedviT. es 

faqtori gvaZlevs holonomur wirSi rkalebis “swori” urTierTganlagebis saSualebas. 

vipovoT 𝑎 da 𝑐 sidideebi: 

𝒇(𝟎) = 𝒂 ∗ 𝒂𝒓𝒄𝒕𝒈(𝒒 ∗ 𝒄𝒐𝒔(𝟎)) −
𝒂∗𝒒

𝟏+𝒒𝟐 ∗ 𝒄𝒐𝒔(𝟎) + 𝒄 = 𝒂 ∗ 𝒂𝒓𝒄𝒕𝒈(𝒒) −
𝒂∗𝒒

𝟏+𝒒𝟐 + 𝒄 = −𝒙𝟎  ( 

63) 

𝒇(𝝅) = 𝒂 ∗ 𝒂𝒓𝒄𝒕𝒈(𝒒 ∗ 𝒄𝒐𝒔(𝝅)) −
𝒂∗𝒒

𝟏+𝒒𝟐 ∗ 𝒄𝒐𝒔(𝝅) + 𝒄 = −𝒂 ∗ 𝒂𝒓𝒄𝒕𝒈(𝒒) +
𝒂∗𝒒

𝟏+𝒒𝟐 + 𝒄 = −𝒙𝟏 ( 64)  

am ori tolobidan gveqneba: 

𝒄 = −
𝒙𝟎+𝒙𝟏

𝟐
           ( 65) 

  

−2 ∗ (𝑎 ∗ 𝑎𝑟𝑐𝑡𝑔(𝑞) −
𝑎 ∗ 𝑞

1 + 𝑞2
) = 𝑥0 − 𝑥1 

𝑎 ∗ (𝑎𝑟𝑐𝑡𝑔(𝑞) −
𝑞

1 + 𝑞2
) =

𝑥1 − 𝑥0

2
 

𝒂 =
𝒙𝟎−𝒙𝟏

𝟐
∗

𝒒𝟐+𝟏

𝒒−(𝒒𝟐+𝟏)∗𝒂𝒓𝒄𝒕𝒈(𝒒)
=

𝒙𝟏−𝒙𝟎

𝟐
∗

𝒒𝟐+𝟏

(𝒒𝟐+𝟏)∗𝒂𝒓𝒄𝒕𝒈(𝒒)−𝒒
      ( 66) 
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gamoviTvaloT konkretuli rkalis simaRlec: 

𝒉𝟎 = −∝∗ 𝟏 ∗ 𝒂 ∗ (
𝒒

𝟏+𝒒𝟐∗𝟎
−

𝒒

𝟏+𝒒𝟐) = −∝∗ 𝒂 ∗
𝒒𝟑

𝟏+𝒒𝟐      ( 67) 

𝑎-s gamosaxulebis gaTvaliswinebiT gveqneba: 

𝒉𝟎 = −∝∗ 𝒂 ∗
𝒒𝟑

𝟏+𝒒𝟐 = −∝∗
𝒒𝟑

𝟏+𝒒𝟐 ∗
𝒙𝟎−𝒙𝟏

𝟐
∗

𝒒𝟐+𝟏

(𝒒𝟐+𝟏)∗𝒂𝒓𝒄𝒕𝒈(𝒒)−𝒒
= −∝∗

𝒙𝟎−𝒙𝟏

𝟐
∗

𝒒𝟑

(𝒒𝟐+𝟏)∗𝒂𝒓𝒄𝒕𝒈(𝒒)−𝒒
 ( 68) 

    

𝒒𝟐+𝟏

(𝒒𝟐+𝟏)∗𝒂𝒓𝒄𝒕𝒈(𝒒)−𝒒
> 𝟎        ⩝ 𝒒 ≥ 𝟏 ,  radganac  𝒂𝒓𝒄𝒕𝒈(𝟏) = 𝝅/𝟒 da  𝒍𝒊𝒎

𝒒→∞
𝒂𝒓𝒄𝒕𝒈(𝒒) = 𝝅/𝟐    ( 69) 

 

miviReT, rom rkalis simaRle pirdapirproporciulia rkalis siganis,  ∝ 

parametris da aseve damokidebulia 𝑞 sidideze, rac gvaZlevs imis saSualebas, rom 

rkalis simaRle vcvaloT saWiroebisamebr, rac mniSvnelovania im SemTxvevaSi, roca 

Tavdapirvel kvanZSi gvaqvs araholonomuri kveTebi. 

gakeTebulia 𝐴𝐹𝐿 → 𝐻𝑜𝑙𝑜𝑛𝑜𝑚𝑖𝑐  algoriTmis realizacia C++ enaze da gamoTvlilia 

samyura kvanZis da rviani kvanZis Sesabamisi gardaqmnebis 𝒙 koordinatebi da agebulia 

maTi grafikebi 2.3 funqciiT Wolfram Mathematica garemoSi. aRniSnuli grafikebi 

mocemulia danarTebis saxiT. 
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sirTuleebi da samomavlo gegmebi 

unda aRiniSnos, rom am funqciiT xdeba kvanZis holonomuri aRwera, Tumca, 

gadabmis wertilebSi, anu [𝑡𝑖−1, 𝑡𝑖] monakveTebis boloebSi wirebis SeerTeba sakmarisad 

gluvi ar aris, rac SerCeuli funqciis modifkaciisken, an axali funqciis Sedgenisken 

gvibiZgebs.  

Semdgom etapze gaTvaliswinebulia Sesabamisi programuli paketis Seqmna 

holonomuri wirebis asagebad C++ enis da Wolfram Mathematica garemos gaTvaliswinebiT. 
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danarTi 1. 

samyuras Sesabamisi −𝐟 funqciis grafiki 

 

 

 

samyuras Sesabamisi 𝐟′ funqciis grafiki 

 

 

samyuras Sesabamisi −𝐟′′ funqciis grafiki 
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samyuras Sesabamisi holonomuri warmodgenis (−𝐟, 𝐟′) gegmili OXY sibrtyeze 

 

 

samyuras Sesabamisi holonomuri warmodgena (−𝐟, 𝐟′, −𝐟′′) 

 

samyura 

 

 

10 20 30 40 50

100

50

50

100

150

0

20

40

100

0

100

1000

500

0

500

1000



 

 
 

30 

danarTi 2 

rvianis Sesabamisi −𝐟 funqciis grafiki 

 

 

rvianis Sesabamisi 𝐟′ funqciis grafiki 

 

 

rvianis Sesabamisi −𝐟′′ funqciis grafiki 
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rvianis Sesabamisi holonomuri warmodgenis (−𝐟, 𝐟′) gegmili OXY sibrtyeze 

 

 

 

rvianis Sesabamisi holonomuri warmodgena (−𝐟, 𝐟′, −𝐟′′) 

 

rviani 

 

6 4 2 2 4 6 8

400

200

200

400

5

0

5

500

0

500

200000

0

200000



 

 
 

32 

 

gamoyenebuli literatura 
 

 

 

1. V. O. Manturov, Knot theory 

2. J. S. Birman and N. C. Wrinkle, Holonomic and Legendrian parametrizations of knots,. J. 

Knot Theory Ramifications 9 (2000), 293 - 309. 

3. A. Gamkrelidze and V. Apkhazava, On the Holonomic Parametrizations of Knots, 

Proceedings of European Computing Conference (ECC’09), Tbilisi, 2009, 248-252 

 


