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kvanZebi maTematikaSi
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𝑓: 𝑆1 → 𝑅3, 𝑆1 ⊂ 𝑅2
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kvanZebis gamoyenebis sferoebi
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nebismieri Sekruli wiri SegviZlia warmovadginoT
ori araTviTgadamkveTi nawilis gaerTianebis
anu AFL (Arcade_Faden_Lage) saxiT
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raidemaisteris gardaqmnebi
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kvanZebis izotopuroba



7

𝐼𝑛𝑝𝑢𝑡: 𝐶𝑖
𝑒 𝐶 = 𝑆, 𝑇, 𝑒 = +1,−1, 𝑖 = 1…𝑚

𝑂𝑢𝑡𝑝𝑢𝑡: 𝐶𝑖| 𝐶 = 𝑆−1, 𝑇+1, 𝑖 = 1…𝑛

𝐼𝑛𝑝𝑢𝑡 = 𝑆0
−1𝑇1

+1𝑆2
−1

𝑂𝑢𝑡𝑝𝑢𝑡 = 𝑆5 𝑆1𝑆3𝑇2𝑇0𝑇4

kvanZebis Cawera
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holonomuri da araholonomuri

kveTebi



yoveli kvanZi mocemul anbanze warmoqmnis minimaluri sityvebis

unikalur simravles (kvanZis yoveli AFL warmodgenisaTvis

arsebobs erTaderTi minimaluri sityva). 

Tu ori 𝐾1 da 𝐾2 kvanZi warmoqmnis minimaluri sityvebis or 𝑆1
da 𝑆2 simravles, maSin 𝐾1 da 𝐾2 kvanZebi erTmaneTis

eqvivalenturia maSin da mxolod maSin, Tu 𝑆1 da 𝑆2 simravleebs

gaaCniaT saerTo minimaluri sityva (saerTo AFL warmodgena)
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kvanZebis eqvivalenturoba



AFL wirebis gardaqmna holonomur saxeze

𝐴𝐹𝐿 → 𝐻𝑜𝑙𝑜𝑛𝑜𝑚𝑖𝑐 algoriTmi

1. Tavidan pirobiTad vuSvebT, rom ARCADE aris swori xazi, romelic devs abscisTa RerZze. 

am pirobas viyenebT FADEN-is SedarebiT advilad gardasaqmnelad. 

2. vamatebT “kidura” kvanZebs, anu im wertilebs, sadac FADEN gadadis ARCADE-Si. Tu AFL

CanawerSi kvanZebi isea ganlagebuli, rom “kidura” kvanZebis Camatebis SemTxvevaSi FADEN

TviTgadamkveTi gamodis, AFL-is konstruirebisaTvis viqceviT Semdegnairad: rkalSi, romelic

gadakveTs masze adre gavlebul rkals, sawyisi i wertilis Semdeg vamatebT ARCADE-s gareT

axal wertils imis gaTvaliswinebiT, Tu romel mxaresaa AFL -is saboloo wertili – i-s 

marcxniv Tu marjvniv, da aqedan gadavdivarT rkalis saboloo i+1 wertilze, romelic

gadainomreba da gaxdeba i+2. Sesabamisad gadainomreba momdevno wertilebic. (O(n)).
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AFL wirebis gardaqmna holonomur saxeze

𝐴𝐹𝐿 → 𝐻𝑜𝑙𝑜𝑛𝑜𝑚𝑖𝑐 algoriTmi

3. vadgenT araholonomuri gadasvlebis mqone rkalebis (ARCADE-s zemoT
marjvniv mimarTuli, ARCADE-s qvemoT marcxniv mimarTuli) arsebobas. Tu
aseTi ar aris, gadavdivarT kveTebis holonomurobis Semowmebaze (p. 6)
(O(n)).

4. holonomuri gadasvlebis gardasaqmnelad viqceviT Semdegnairad :

a. Tu Semosul sityvaSi araholonomuri gadasvla raidemaisteris pirveli
moZraobis Sesabamisia, mas iqve gadavanacvlebT: (O(n)).

b. Tu romelime kvanZis Sesabamisi kveTac da gadasvlac araholonomuria, es
kvanZi SegviZlia “gavitanoT” ARCADE-s gareT holonomurobis
gaTvaliswinebiT (Sesabamisad marcxniv an marjvniv). (O(n)).
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AFL wirebis gardaqmna holonomur saxeze

𝐴𝐹𝐿 → 𝐻𝑜𝑙𝑜𝑛𝑜𝑚𝑖𝑐 algoriTmi

g. danarCeni araholonomuri gadasvlebis holonomurad gardasaqmnelad
gamovyofT cal-calke marjvniv da marcxniv gadasvlebs. viwyebT
ukiduresad marjvniv mdebare saboloo wertilis mqone rkaliT, rkalis
dasawyisidan gadavdivarT marcxniv, vamatebT axal (𝑆−1) wertils ARCADE-

s gareT (vagrZelebT warmosaxviT xazs), vkveTT da “vuxvevT” marjvniv,
vamatebT rkalis saboloo wertilis uSualod gverdiT marjvniv axal
𝑇+1 wertils da gadavdivarT Tavdapirveli rkalis saboloo wertilSi
(). ase viqceviT yvela araholonomuri marjvniv gadasvlis
gasaholonomureblad. (O(n)).

d. analogiurad viqceviT araholonomuri marcxniv gadasvlebis SemTxvevaSic:
viwyebT ukiduresad marcxniv mdebare saboloo wertilis mqone rkaliT,
rkalis dasawyisidan gadavdivarT marjvniv, vamatebT axal (𝑇+1 ) wertils
ARCADE-s gareT (vagrZelebT warmosaxviT xazs), vkveTT da “vuxvevT”
marcxniv, vamatebT rkalis saboloo wertilis uSualod gverdiT marcxniv
axal 𝑆−1 wertils da gadavdivarT Tavdapirveli rkalis saboloo
wertilSi (). ase viqceviT yvela araholonomuri marcxniv gadasvlis
gasaholonomureblad. (O(n)).
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AFL wirebis gardaqmna holonomur saxeze

𝐴𝐹𝐿 → 𝐻𝑜𝑙𝑜𝑛𝑜𝑚𝑖𝑐 algoriTmi

5.   me-4  punqtSi aRwerili gardaqmnebis Semdeg vamowmebT, xom ar gaCnda
“zedmeti”  rkalebi, anu iseTi, romlebic ARCADE-s ar kveTs da mudmivad
erT-erT naxevarsibrtyeSia ganlagebuli. AaseTi nawilebis mosaSoreblad
vamowmebT Semdeg pirobebs:

a. veZebT gverdigverd ganlagebul erTnairi kveTis (S an T) mqone
rkalebs da “vxsniT” (raidemaisteris pirveli moZraoba);  (O(n)).

b. veZebT iseT rkalebs, romlis orive bolo ARCADE-s gareTaa da 
“vxsniT” (raidemaisteris mesame moZraoba); (O(n)).

c. veZebT iseT rkalebs, romlis erT-erTi bolo ARCADE-s gareTaa da 
mTlianad rkali ar kveTs sxva rkalebs da “vxsniT”  (raidemaisteris
meore moZraoba); (O(n)).

d. a, b, g punqtebs vimeorebT manam, sanam ar aRmovfxvriT aseT “zedmet” 
rkalebs.
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AFL wirebis gardaqmna holonomur saxeze

𝐴𝐹𝐿 → 𝐻𝑜𝑙𝑜𝑛𝑜𝑚𝑖𝑐 algoriTmi

6. me-4, me-5 punqtebi asrulebs FADEN nawilis mTlian gardaqmnas. Tu miRebul
CanawerSi ar darCeba araholonomuri kveTebi, ARCADE nawils, romelic
Tavidan CavTvaleT abscisaTa RerZis Tanxvdenilad, vcvliT mcire
simaRlis rkaliT, xolo Tu miRebul CanawerSi isev darCeba
araholonomuri kveTebi, saWiro xdeba ARCADE-s gardaqmna. vadgenT, 
holonomur gadasvlaze araholonomuri kveTebis raodenobas da AFL

warmodgenaSi ARCADE -s vamatebT imdenive xvias, anu, Tu wiris CanawerSi
aris k cali rkali, romelTa Sesabamisi gadasvla holonomuria da kveTa
_ araholonomuri, wirs ARCADE nawilSi unda daematos 2k cali rkali. 
(nax. a, b).
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AFL wirebis gardaqmna holonomur saxeze

𝐴𝐹𝐿 → 𝐻𝑜𝑙𝑜𝑛𝑜𝑚𝑖𝑐 algoriTmi
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𝑓: 𝑅 → 𝑅  𝑪 ∞

𝑓~: 𝑆1 → 𝑅3

𝑓~ = −𝑓 𝑡 , 𝑓′ 𝑡 , −𝑓′′ 𝑡

𝑆1 𝑅3

parametrizaciis funqciis

Tvisebebi

𝑋 𝑡 , 𝑌 𝑡 , 𝑍 𝑡 = −𝑓 𝑡 , 𝑓′ 𝑡 , −𝑓′′ 𝑡



17

ფუნქცია  𝑓 𝑡 = 𝑠𝑖𝑛 𝑡 + 4 ∗ 𝑠𝑖𝑛 2 ∗ 𝑡 + 𝑠𝑖𝑛 4 ∗ 𝑡 + 1.5 ∗ 𝑠𝑖𝑛 5 ∗ 𝑡
განსაზღვრავს დადებით სამყურას

parametrizaciis funqciis

magaliTi
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f = ?

zogadad nebismieri holonomuri saxis wirisTvis
maxasiaTebeli funqcia ucnobia
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𝑓 =

𝑖=1

𝑖=𝑛

𝑓𝑖 ∗ 𝑐𝑜𝑒𝑓𝑖

𝑓 𝑡 = 𝑓𝑖 𝑡 ,     𝑓′ 𝑡 = 𝑓𝑖
′ 𝑡 , 𝑓′′ 𝑡 = 𝑓𝑖

′′ 𝑡 , ∀ 𝑖 = 1. . 𝑛 ,    t ∈ ti−1, ti

kvanZis TiToeuli i -uri rkali SeiZleba aRiweros fi

trigonometriuli funqciebis meSveobiT.

mTeli kvanZi warmoadgens fi funqciebis interpolacias
specialuri koeficientebiT, romlebic perioduli, uban-uban
mudmivi funqciebia

parametrizaciis idea

0, 2𝜋 :  {0 ≤ 𝑡0 < 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑖 < ⋯ < 𝑡𝑛−1 < 𝑡𝑛 ≤ 2𝜋}

0, 2𝜋 Sualeds vyofT 𝑛 monakveTad kvanZebSi kveTis wertilebis
raodenobis Sesabamisad.
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sainterpolacio koeficientebi

𝑆 𝐴,𝑇 ,𝑖 =
1

2
∗ (1 + −1

𝑡−𝑡𝑖−1
𝑇 ) ∗

1

2
∗ (1 + −1

𝑡− 𝑡𝑖−
𝑇
2

𝑇 )
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parametrizaciis 𝒇 funqciis Tvisebebi

𝑓𝑖 𝑡𝑖 = 𝑓𝑖+1 𝑡𝑖
𝑓𝑖
′ 𝑡𝑖 = 𝑓𝑖+1

′ 𝑡𝑖
𝑓𝑖
′′ 𝑡𝑖 = 𝑓𝑖+1

′′ 𝑡𝑖
𝑓1(0) = 𝑓𝑛(2𝜋)

𝑓1
′ 0 = 𝑓𝑛

′ 2𝜋

𝑓1
′′ 0 = 𝑓𝑛

′′ 2𝜋

𝑓𝑖 𝑡 = 𝑓𝑖 𝛼𝑖 ∗ 𝑡 , ∀ 𝑖 = 1. . 𝑛

⩝ 𝑡 ∈ 𝑡𝑖−1, 𝑡𝑖0 ≤ 𝛼𝑖 ∗ (𝑡 − 𝑡𝑖−1) ≤ 𝜋,



𝑖=1

𝑛−1
1

𝛼𝑖
= 2𝛼𝑖 > 0, ∀ 𝑖 = 1. . 𝑛

t ∈ ti−1, ti , t0 = 0, ti = σj=1
n−1 1

αj
,   i = 1. . n
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 rkalebis raodenobisgan damoukideblad, holonomurad

gardaqmnil wirSi ARKADE da FADEN  nawilebis aRweras sWirdeba

Tanabari dro – sruli periodis naxevari.

 Tu Semomaval wirSi Tavidanve mxolod holonomuri kveTebia

wiris rkalebis aRsawerad gamoyenebul 𝑓𝑖 𝛼𝑖 ∗ 𝑡 perioduli

funqciaSi,  FADEN nawilis yvela rkalisTvis 𝛼𝑖 = 𝑛 − 1,   ARKADE 

nawilSi mxolod erTi rkalia da misTvis 𝛼𝑖 = 1.

 Tu Semomaval wirSi aris araholonomuri kveTebic (𝑚 cali), 

FADEN nawilis rkalebis aRmweri funqciebis Sesabamisi

parametri iqneba 𝛼𝑖 = 𝑛 − (2 ∗ 𝑚 + 1); ARCADE nawilis

rkalebisTvis gveqneba ori parametri: 𝛼1 = 2 ∗ (𝑚 + 1) da       

𝛼2 = 2 ∗ 𝑚, sadac 𝛼1 iqneba ARCADE nawilis im rkalebisTvis, 

romlebic ar exveva  rkals, xolo 𝛼2_ ARCADE nawilis im

rkalebisTvis, romlebic exveva  rkals.

Sedegebi
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𝑓 𝑡 = 𝑎 ∗ 𝑎𝑟𝑐𝑡𝑔 𝑞 ∗ cos α ∗ 𝑡 + 𝑏 ∗ cos α ∗ 𝑡 + 𝑐

parametrizaciis funqcia

sadac:

𝑓 𝑡 𝑓′ 𝑡 𝑓′′ 𝑡
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 Tu Semosul wirSi aris mxolod holonomuri kveTebi,  

gardaqmnil wirSi yvela rkalisaTvis 𝑞𝑖 = 𝑐𝑜𝑛𝑠𝑡 erTi da igivea

 Tu Semosul wirSi aris araholonomuri kveTebic (𝑚 cali),  

gardaqmnil wirSi FADEN nawilis yvela rkalisTvis 𝑞𝑓 erTi

da igivea,  ARKADE nawilSi ki aris ori gansxvavebuli 𝑞1 da 𝑞2

am SemTxvevaSi 𝑞𝑖 sidideebi gamoiTvleba pirobebidan:

daskvnebi

min
𝐹𝑎𝑑𝑒𝑛

𝑥𝑘−𝑥𝑘+1 ∗ 𝑞𝑓 ∗ 𝛼𝑓 > max
𝐴𝑟𝑘𝑎𝑑𝑒

𝑥𝑙−𝑥𝑙+1 ∗ 𝑞1 ∗ 𝛼1

min
𝐴𝑟𝑘𝑎𝑑𝑒

𝑥𝑙−𝑥𝑙+1 ∗ 𝑞2 ∗ 𝛼2 < ℎ
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2 3 4 5 6

10

5

5

10

15

20

marjvena samyura

input trefoil:

-s0+t1-s2

trefoil with  endpoints:

+t4-s1+t2-s3+t0

Reduce last nonholonomic move&cut:

+t4-s1+t2-s3+t0

trefoil after Reidemeister I move:

+t4-s1-s3+t2+t0

trefoil with performed FADEN:

-s5-s1-s3+t2+t0+t4

trefoil without extra knots in FADEN:

-s5-s1-s3+t2+t0+t4

trefoil with performed ARKADE:

-s5-s1-s3+t2+t0+t4

output trefoil:

-s5-s1-s3+t2+t0+t4
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10 15 20

100

50

50

100

marcxena samyura

input trefoil:

-t0+s1-t2

trefoil without local extra knots:

-t0+s1-t2

trefoil with  endpoints:

+t4-t1+s2-t3+t0

Reduce last nonholonomic move&cut:

+t0-t1+s2-t3+t4

trefoil after Reidemeister I move:

-t1+t0-t3+s2+t4

trefoil with performed FADEN:

-t1+t0-t3+s2+t4

trefoil without extra knots in FADEN:

-s3-t1+s0+t2

trefoil with performed ARKADE:

-s3-s1-s5+t4-s7+t6+t0+t2

output trefoil:

-s3-s1-s5+t4-s7+t6+t0+t2
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6 4 2 2 4 6 8

400

200

200

400

rviani

input eight knot:

-s0+t2+s2

eight knot with  endpoints:

-s3+t6+t2-s1-t5+s4+t0

eight knot after Reidemeister I move:

+t4-s1-s3+t2+t0

eight knot with performed FADEN:

-s3-s1-s5+t4-s7+t6+t0+t2

eight knot without extra knots in FADEN:

-s3-s1-s5+t4-s7+t6+t0+t2

eight knot with performed ARKADE:

-s3-s7-s1+t2-s5-s9+t8-s11+t10+t4+t0+t6

output eight knot :

-s3-s7-s1+t2-s5-s9+t8-s11+t10+t4+t0+t6
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sirTuleebi
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q = ?
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gmadlobT

yuradRebisTvis!


